
Exam 2 checklist and simple questions

Make sure you are familiar with the following notions/ideas/conditions/techniques
or can answer these simple questions:

(1) Determinants:
• Calculation for 1× 1, 2× 2 and 3× 3 matrices;
• Recursive formula;
• What happens to the determinant after an elementary row operation?

(Separate answer for each of the three types of elementary row opera-
tions.)

• (−1)i+j ;
• detAT = detA;
• Therefore the same conclusions about the elementary column opera-

tions.
(2) Determinants of upper-triangular (lower-triangular) square matrices.
(3) Determinants and linear (in)dependence of the rows (or columns) of the

matrix. Let A be an n× n matrix.
(a) Suppose the rows of A are LD. What can you conclude about detA?
(b) Suppose the rows of A are LI. What can you conclude about detA?
(c) Suppose the rows (or columns) of A span Rn. What can you conclude

about detA?
(d) Suppose that A is not invertible. What can you conclude about detA?
(e) Suppose that A contains a row (or a column) of all zeros. What can

you conclude about detA?
(f) Suppose that A contains two proportional rows1 (or columns). What

can you conclude about detA?
(4) Consequences of the formula det(A ·B) = detA ·detB. Let A and B be two

n× n matrices.
(a) Suppose A and B are invertible. Must A ·B be invertible?
(b) Suppose A and A ·B are invertible. Must B be invertible?
(c) Suppose detA = 2. What is det(A−1)?

(5) Cramer’s Rule.
(6) Using determinants to calculate A−1:

(a) Cofactors (do not forget (−1)i+j);
(b) Adjugate matrix (do not forget to transpose);
(c) A formula for A−1;

(d) A formula for
∣∣∣∣ a b

c d

∣∣∣∣ as a partial case.

(7) Areas, volumes
(a) The area of a parallelogram in R2.
(b) The area of a triangle in R2.
(c) The volume of a parallelepiped in R3.
(d) The volume of a pyramid (= (the area of the base) × the height). Two

important cases: when the base is either a parallelogram or a triangle.
(e) How can one use determinants to figure out if three vectors v1, v2, and

v3 in R3 are conplanar (=linearly dependant)?

1This means that all entries of one the two rows are constant factor times the corresponding
entries of the other row.
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(8) Suppose all columns of a matrix A of size n × n are the column vectors
from the standard basis of Rn permutated in certain order. What are the
possible values of detA?

(9) Suppose you multiply all elements of an n×n matrix A by the same constant
k. What happens to detA?

(10) Suppose the area of the parallelogram determined by vectors a and b is 5.
(a) What is the area of the parallelogram determined by vectors 2 · a and

b?
(b) What is the area of the parallelogram determined by vectors a and

−b?
(c) What is the area of the parallelogram determined by vectors a + 2 · b

and b?
(11) Suppose a square matrix is such that:

• Every row contains exactly one non-zero element;
• Every column contains exactly one non-zero element.

Can the determinant of this matrix be zero?
(12) Does the previous conclusion remain true if we replace “exactly one” with

“at least one”?
(13) A vector space (no, you do not have to memorize all axioms and corollaries).
(14) A subspace of a vector space (yes, you need to remember all three condi-

tions)
(15) Can a subspace of a vector space consist of:

(a) ...exactly one vector?
(b) ...exactly two vectors?

(16) A linear combination of vectors.
(17) Operations on vectors in R2: The parallelogram Rule, The Triangle Rule.
(18) A linear transformation from one vector space to another. Yes, you have

to remember both axioms and also these two useful corollaries:
(a) T (0) = 0;
(b) T (c1v1 + ... + ckvk) = c1T (v1) + ... + ckT (vk).

(19) The matrix of a linear transformation Rn → Rn. (What are the columns
of this matrix?)

(20) The range of a linear transformation (the column space of a matrix).
(21) The null space of a linear transformation (=the null space of a matrix).
(22) Basis of a vector space (two conditions).
(23) {0} is a vector space that does not have a basis.
(24) The spanning set theorem.
(25) Pivot columns of A form a basis for ColA
(26) Constructing a basis for NulA.
(27) Dimension of a vector space.
(28) If L is a 5-dimensional subspace in a 5-dimensional vector space V , then

L = V . True or false?
(29) Rank of a matrix.
(30) What is the maximum possible rank of a 3× 5 matrix?
(31) Lat A be a 3× 5 matrix.

(a) Can all rows of A be LI?
(b) Can all columns of A be LI?
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(32) Suppose A is a 5 × 7 matrix and rankA = 3. What is dimNulA? What is
dimColA?

(33) Suppose a 5× 5 matrix A is invertible. What is rankA?
(34) For a 4× 7 matrix A,

(a) What is the minimum possible dimension of NulA?
(b) What is the maximum possible dimension of NulA?
(c) What is the minimum possible dimension of ColA?
(d) What is the maximum possible dimension of ColA?

(35) For a 7× 4 matrix A,
(a) What is the minimum possible dimension of NulA?
(b) What is the maximum possible dimension of NulA?
(c) What is the minimum possible dimension of ColA?
(d) What is the maximum possible dimension of ColA?

(36) Coordinates of a vector relative to a basis.
(37) Let B be some basis of Rn.

(a) How is the change of coordinates matrix from B to the standard basis
of Rn composed?

(b) Given a vector v in Rn:
• How are the coordinates of this vector relative to the standard

basis expressed in terms of its coordinates [v]B relative to the
basis B?

• How are the coordinates coordinates [v]B relative to the basis B
expressed in terms of this vector relative to the standard basis?

(38) Given two bases B and C of the same vector space:
(a) How is the change of coordinates matrix from B to C composed?
(b) How are the coordinates of a vector relative to one basis expressed in

terms of the coordinates relative to the other basis?
(39) Suppose a vector v has coordinates (4, 6) relative to the basis {b1, b2}.

(a) What are the coordinates of v relative to the basis {2b1, 2b2}?
(b) What are the coordinates of v relative to the basis {b2, b1}?
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Some answers: (3) (a) detA = 0; (b) detA 6= 0; (c) detA 6= 0; (d) detA = 0;
(e) detA = 0; (f) detA = 0.

(4) (a) Yes; (b) Yes; (c) 1
2 .

(7) (e) Three column vectors in R3 are conplanar iff the determinant composed
of these columns equals zero.

(8) 1, -1, and also 0 if you permit that one of the standard basic vectors is used
more than once.

(9) detA multiplies by kn.
(10) (a) 10; (b) 5; (c) 5.
(11) No
(12) No
(15) (a) Yes, {0}. (b) No, if a subspace is not {0}, then it contains infinitely

many vectors.
(19) The columns of the matrix of a linear transformation T are T (e1),... , T (en).
(28) True
(30) 3
(31) (a) Yes, (b) No
(32) dimNulA = 4 dimColA = 3
(33) 5
(34) (a) 3; (b) 7; (c) 0; (d) 4.
(35) (a) 0; (b) 4; (c) 0; (d) 4.
(37) (a) Coordinates of the vectors of B relative to the standard basis form the

columns of this matrix. (b) x = PB · [x]B; [x]B = (PB)−1 · x.
(38) (a) Coordinates of the vectors of B relative to C form the columns of this

matrix. (b) [x]C = PC←B · [x]B; [x]B = PB←C · [x]C
(39) (a) (2, 3); (b) (6, 4)

Some abbreviations:
iff = if and only if
LS = Linear System
LHS = Linear Homogeneous System
LNHS = Linear Non-Homogeneous System
LD = Linearly Dependent
LI = Linearly Independent


